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Estimation of heat transfer coefficients 
by using hybrid optimization techniques

Imre Feldea 

a

Abstract

�e estimation of thermal boundary conditions occurring during heat treatment processes is an essential requirement for char-
acterization of heat transfer phenomena. In this work, the performance of �ve optimization techniques is studied. �ese models 
are the Conjugate Gradient Method, the Levenberg-Marquardt Method, the Simplex method, the NSGA II algorithm and a hybrid 
approach based on the NSGA II and Levenberg-Marquardt Method sequence. �e models are used to estimate the heat transfer 
coe�cient in 2D axis symmetrical case during transient heat transfer. �e performance of the optimization methods is demon-
strated using numerical experiments.

Keywords: quenching ,inverse heat conduction problem, ,hybrid optimization 

Immersion quenching is widely applied in the industry to 
change materials properties under high temperatures and 
high rates of cooling, a condition in which the heat transfer 
can be dominated by the cooling characteristics o the cooling 
media. To attain the required heat transfer conditions condi-
tions, exactly known thermal loads must be supplied on the 
material surface, namely design surface, and thus both the 
temperature and the heat �ux are prescribed. �e problem 
consists of determining the speci�cations for the heat ex-
change to achieve the desired conditions on the design sur-
face. Performing inverse heat conduction problem (IHCP) 
analysis [1-4] the required information for the heat transfer 
process can be achieved. 

�e IHCP of immersion quenching has been usually tack-
led by either implicit or explicit formulation. In the implicit 
approach, the problem is formulated as a multivariable op-
timization problem, while the explicit formulation attempts 
to determine directly the unknown parameters with the use 
of regularization techniques to solve the resulting system 
of equations. �ere are two distinct groups of optimization 
techniques: the deterministic methods (Conjugate Gradient 
[3], Levenberg-Marquardt [4], Simplex [5], etc) and the sto-
chastic approaches (genetic algorithms [6], particle swarm 
optimization [7,8] etc.).

In general, deterministic methods are faster than stochastic 
methods, although they are more prone to converge to a local 
instead of the global minima or maxima. On the other hand, 

stochastic algorithms, despite being more likely to converge 
to the global minima or maxima, are in general expensive 
computationally. Various optimization techniques have been 
applied to estimate the heat transfer during quenching pro-
cess as well.

�is study is focusing on a hybrid solution that combines 
two approaches: the stochastic method, by which the global 
extremum in the search space can be localized and the de-
terministic formulation, which is for the swi� �nd the global 
optimum.

�e mathematical formulation of the transient heat trans-
fer for a homogeneous isotropic domain (Ω) is de�ned as fol-
lows:

t

T
tTC

tTQTTk

p ,,

,,,

rr

rr

   

(1)

where rεΩ is the spatial vector, t is the time, k is the thermal 
conductivity, T is the temperature, C

p
 is the speci�c heat, ρ is 

the density and Q is the latent heat. �e initial condition is

rr
0
T0t,T
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where T
0
 is the initial temperature of the domain. �e 

boundary conditions are expressed by:

amTt,Th
T

k
i
r

r

in Γ
i
  i= 1 …p      (3)

where hi are the heat transfer coe"cients corresponding to 
di#erent portions of the boundary (Γ

1
  Γ

2
 …  Γ

p
 = Γ and Γ

1 

 Γ
2
 …  Γp =Ø ) and T

am
 is the ambient temperature.

Assuming that the temperature inside the work piece and/
or on its surface is measured during the heat transfer process, 
it is possible to solve the inverse heat conduction problem 
by determining the time / or temperature variations of the 
thermal boundary conditions [1-3].  Each one of domain 
boundary zones Γ, is considered to have a time dependent 
heat transfer coe"cient, h

i
(t). �e time dependence of the 

heat transfer coe"cient can be approximated by polynomi-
al functions, each one de$ned by a set of parameters h

i
(r) = 

(r=1…p; i=1…q), according to Fig. 1. �e unknown design 
parameters can be expressed by the vector of m (m= p*q), 
components τ = (τ1,…,τ

m
) = (h

1
(1), …, h

q
(1) , h

1
(2), …, h

q
(2), …, 

h
1

(p), …, h
q

(p)). �e temperature at di#erent times is given by 
measurements at n points in the solid region, located at r

k
, 

(k=1…n). On calling T
k

m, the measured temperatures, and 
T

k
c, the calculated temperature at those points, one can pose 

the problem of obtaining the values of the heat transfer coef-
$cients τ

i
 that minimize the cost function, S: 

n

1k

2c

k

m

km1
minTT,....,SS

 
(4)

where n is the total number of measured temperatures, 
i.e., the number of points multiplied the number of measure-
ments at each point.

�e solution of the the inverse parameter estimation prob-
lems is based on the minimization of equation (4). �e fol-
lowing optimization approaches have applied used to mini-
mize the value of S:  
1. Simplex (Simplex) search method is based on the Nelder–

Mead algorithm [5]
2. Levenberg-Marquardt Method (LMM) [4]
3. Conjugate Gradient Method (CGM) [3,4,9],
4. �e Non-dominated Sorting Genetic Algorithm (NSGA II) 

[10-12]
5. Hybrid method using (NSGA II) and (LMM) is sequen-

tially

According to Fig.1., the iterative computational procedure 
for the estimation of HTC can be summarized as follows:

Figure 1 �e iterative procedure for the determination of ther-
mal boundary conditions 

�e following steps are obtained by using the optimization 
methods if they used by their own (Simplex, LMM, CGM and 
NSGAII): 

1. During the initial iteration, the components of the vector τ 
are initialized to some values

2. �e values of h
i
(t) functions are set

3. �e cooling curves (T
k

c) are calculated based on numerical 
simulation

4. �e di#erence between the measured (T
k

m) and the calcu-
lated (T

k
c) time-temperature signals are characterized by 

calculating S
5. If the value of S is greater than a desired tolerance value (η) 

then the h
i
(t) functions are modi$ed by using the optimiza-

tion algorithm and a new iteration is started at Step 2. If S is 
less than η then the iteration stops. 

�e Hybrid approach is also based on the Steps 1-5 while 
the output results of Step 5 will be the input data for the tem-
perature $eld computations. �e Hybrid method requires the 
following additional steps:

6. �e cooling curves (T
k

c) are calculated based on numerical 
simulation

7. �e di#erence between the measured (T
k

m) and the calcu-
lated (T

k
c) time-temperature  signals are characterized by 

calculating S
8. If the value of S is greater than a desired tolerance value (η) 

then the h
i
(t) functions are modi$ed by using the LMM 

algorithm and a new iteration is started at Step 6. If it is so 
than the $nal estimated h

i
(t) functions are estimated

In order to compare the performance of the optimization 
algorithms on the prediction of thermal boundary condi-
tions, two numerical experiments for the quenching process 
have been performed. In the analysis, there was no physical 
set-up to directly measure the temperature T

k
m. Instead, we 

assume theoretical heat transfer coe"cient functions, h
i
(T) 

and substitute them directly into the equations (1)–(3) to cal-

Estimation of heat transfer coefficients by using hybrid optimization techniques
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culate the temperatures at each location for the thermocou-
ples (TC). �e results are used in the computed temperature 
Tkm curves. Due to this concept the T

k
m curves have been as-

sumed to be error-free samples. �e following concepts have 
been used for the computational investigations:

i
(T) functions have been determined

-
taining simulations on the basis of h

i
(T) functions

each optimization method, in order to reconstruct the 
original h

i
(T) functions

�e quenching process for a cylindrical work piece, mount-
ed with 5 TC’s was investigated. A 2D axis-symmetric heat 
transfer model was applied to calculate the temperature dis-
tribution during the cooling process. �e physical properties 
of Inconel 600 alloy were assigned to the workpiece. �e ther-
mocouples were assumed to be mounted at 1 mm below the 
side surface of the rod. �e location of the TC’s (the distances 
from the bottom of the cylinder) and the parameters used for 
the calculations are summarized in Table 1.  

RADIUS, R 25 MM

Length, L 200 mm

Initial temperature, T
0

850 C0

Ambient temperature, T
am

50 C0

Locations of TC 1-5 below the surface r=R-1

TC 1 z = 0 mm

TC 2 z = 50 mm

TC 3 z = 100 mm

TC 4 z = 150 mm

TC 5 z = 200 mm

Table 1. Parameters applied for the computational example

Figure 2. �e theoretical heat transfer coe�cient function 
applied

Figure 3. �e predicted cooling curves obtained at the TC loca-
tions in direction of axis “z”

�e e"ect of wetting front kinematics that occurs dur-
ing immersion quenching, is taken into consideration, by 
de#ning the heat transfer coe$cient [14,15] h

i
(T,z), which 

is assumed to be dependent on temperature and the verti-
cal local coordinate, equation (5). �e theoretical h

i
(T,z) as 

prede#ned, is represented at Fig. 2., while the cooling curves 
obtained at the TC locations are shown at Fig. 3. �e h

i
(T,z) 

is used for all the surfaces of the work piece including the top 
and the bottom faces as well. For the inverse calculations 100 
components of the vector τ  have been applied, while the ini-
tial estimate of h

i
(T,z) was set to 100 Wm-2K-1. �e population 

size was de#ned to 100, for the NSGA II method.

CTe

CTe
zTh

Tzz

T

e

e

i

400*5500

400*5500
),(

5002)400(*)2*410*653.2*0606.034.11(

5002)400(*34.11

   
(5)

Figure 4. �e evolution of cost function (S), as functions of 
iterations and generations

In order to reconstruct the thermal boundary conditions 
500 generations were investigated by the NSGA II model and 
400 iterations were performed by the LMM, CGM and Sim-
plex models (Fig. 4.). �e concept of using the Hybrid ap-
proach was to perform the generations until the cost function 

Estimation of heat transfer coefficients by using hybrid optimization techniques
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exceeds 2.0*104, or 1.5*104, 1.0*104 and then the iteration 
was continued by means of LMM. �en the LMM calcula-
tions were carried out till the S was lower than 100 or the 
number of LMM iterations exceed 150.

�e results obtained by Simplex, LMM and CGM showed a 
limited accuracy for the inverse estimation. �e discrepancy of 
the predicted heat transfer coe�cient were still unacceptable 
huge a�er the 400 iterations. Very good agreement between the 
original and recovered HTC functions was given by using the 
NSGAII algorithm. However, at least 300 generations had to 
be built to achieve the desired output. �e fastest convergence 
with the highest recovery performance was given by using 
the hybrid optimization sequence when the NSGAII method 
was used until the value of S was lower than 1.0*104. Similar 
results but slower convergence obtained in the case of LMM 
--1.5*104, while rather big S belongs to LMM -- 2.0*104. 

�e reason for the poor agreement between the measured 
(pre-calculated) and estimated temperature curves is due to 
the complexity of the heat transfer phenomena, where the 
boundary conditions of the third type varied with the surface 
temperature, as well as, the distance measured from the bot-
tom of the work piece. �ese results point out that the inverse 
heat transfer calculations applied for sophisticated thermal 
problems needs robust numerical methods to achieve a de-
sirable outcome.

6. Summary

In this work, the performance of !ve di"erent optimization 
models for the estimation of heat transfer coe�cients during 
an immersion quenching process have been compared. An 
automatic optimization procedure based on a process simu-
lator, cost function and various numerical optimization tech-
niques was used. �e optimizations methods applied were the 
Simplex, Conjugate Gradient Method, Levenberg-Marquardt 
Method, NSGAII method and a hybrid approach based on a 
NSGAII-LMM sequence. �e performance of the optimization 
algorithms is compared using on a numerical test, where the 
thermal boundary condition of the third type was functions of 
surface temperatures and local coordinates. �e best predic-
tion was given by the hybrid method as well as the NSGAII 
algorithm, however the later one required more computational 
e"orts. It must be noted that the results performed by using 
LMM, CGM and Simplex techniques are strongly depend on 
the initial set of parameters [6,7]. �e more smaller the di"er-
ence between the initial guess functions and the HTC func-
tions to be estimated the more faster convergence of the cost 
function and more accurate prediction of boundary conditions 
can be performed. However, our investigation is based on the 
concept that no any preliminary knowledge has been given 
about the HTC functions. �ese assumptions comprise the pa-
rameter intervals and isolation of the search space. With !ner 
isolations, the applied methods would most likely perform dif-
ferently. Testing the methods on di"erent isolations remains a 
task for further investigation.
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